TENSOR OPERATORS AND WIGNER-ECKART THEOREM FOR 
THE QUANTUM SUPERALGEBRA Ug[osp{l \ 2)] 



MAREK MOZRZYMAS 



Abstract. Tensor operators in graded representations of Z2— graded Hopf 
algebras are defined and their elementary properties are derived. Wigner- 
Eckart theorem for irreducible tensor operators for Uq[osp{l \ 2)] is proven. 
Examples of tensor operators in the irreducible representation space of Hopf 
algebra Uq[osp(l | 2)] are considered. The reduced matrix elements for the 
irreducible tensor operators are calculated. A construction of some elements 
of the center of Uq[osp{l \ 2)] is given. 



1. Introduction 



This article is a continuation of the study of the properties of irreducible represen- 
tations (so called Racah-Wigner calculus) of the quantum superalgebra Uq[osp{l \ 
2)]. In previous papers [1, 2, 3] it was shown that it is possible to construct Racah- 
Wigner calculus for this quantum superalgebra in a completely similar way as in 
the classical Lie algebra su{2) [4] and the quantum algebra Uq{su{2)) [5, 6, 7]. It 
is quite remarkable that all topics that are relevant for the Racah-Wigner calculus 
for su{2) or Uq{su{2)) have their direct super-analogue in the representation theory 
quantum superalgebra Uq[osp{l \ 2)]. 

An important part of the classical Racah-Wigner calculus are definition and 
properties of tensor operators in the representation spaces. The concept of tensor 
operators is very important in applications of symmetry techniques (Lie groups 
and algebras) in theoretical physics. The irreducible tensor operators for the Lie 
group of space rotations were first introduced by Wigner [8] . Equivalent definition 
of tensor operators for the coresponding Lie algebra was given by Racah[9]. These 
tensor operators play very important role in the theory of angular momentum in 
quantum physics. 

The importance of tensor operators in the representation theory of the Lie groups 
and algebras leads naturally to investgate the concept of tensor operator for quan- 
tum groups and algebras as well as for the quantum superlagebras. The classical 
Wigner-Racah definition of the irreducible tensor operator has been extented to 
the quantum lie algebras in papers [6, 7, 10] and Wigner-Eckart theorem has been 
proved in the similar way as in classical undeformed symmetry structures. In pa- 
pers [11, 12] a new, more general definitions of tensor operators for arbitrary Hopf 
algebra has been proposed. According these definitions tensor operators are ho- 
momorphisms of some Hopf algebra representations. The new general definitions. 
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on one hand are equivalent to the classical Wigner-Racah definitions if the cor- 
responding Hopf algebra is su{2) or Uq{su{2)), on the other hand they allow to 
deduce easier general properties of tensor operators from basic properties of Hopf 
algebra representations. Wigner-Eckart theorem for irreducible tensor operators 
for Hopf algebras has been proved in paper [13], where a more general version of 
the definition from paper [12] has been used. 

In this paper we define tensor operator for Z2-graded Hopf algebras in a similar 
way as in papers [12, 13]. We study the basic properties of the linear operators 
acting in the graded irreducible representation spaces of the quantum superalge- 
bra Uq[osp{l \ 2)]. In particular we prove Schur lemma for Uq[osp{l \ 2)]. Next 
we fomulate and prove Wigner-Eckart theorem for irreducible tensor operators of 
the quantum superalgebra Uq[osp{l \ 2)]. The proof is based on the properties of 
Uq[osp{l I 2)] representations, in particular a conclusions from Schur lemma play 
important role in it. It is remarkable that Wigner-Eckart theorem for Uq[osp{l \ 2)] 
has exactly the same form as in the classical case su{2) or Uq{su{2)) i.e. the matrix 
elements of components of irreducible tensor operator for Uq[osp{l \ 2)] are pro- 
portional to Clebsch-Gordan coefficients and the proprtionality coefficient (reduced 
matrix element) has the same properties that in case of su{2) or Uq{su{2)). Using 
properties of representatins of graded Hopf algebras we construct two classes of 
tensor operators for Uq[osp{l \ 2)]. In the first class tensor operators act in the 
adjoint and regular representations of Uq[osp{l \ 2)]. The second class of tensor 
operators consists of the irreducible tensor operators acting in the irreducible rep- 
resentation spaces of f/,Jo.sp(l | 2)]. As an application of Wigner-Eckart theorem we 
calculate the reduced matrix elements for the irreducible tensor operators. Finally 
we give a method of constructing of elements of the center of Uq[osp{l | 2)], based 
on the properties of tensor product of irreducible representations. 

This paper has the following structure. In Section II we give a rewiew of basic 
definitions and properties of graded representations, we define tensor operators for 
Z2-graded Hopf algebra and we give some examles of tensor operartors. In Section 
HI we rewiew basic properties of grade star representations of Uq[osp{l \ 2)]. Using 
these properties we prove Schur lemma next we formulate and prove Wigner-Eckart 
theorem for the quantum superalgebra Uq[osp{l \ 2)]. In section IV we consider 
examples of tensor operators for Uq[osp{l \ 2)], we calculate the reduced matrix 
element for the irreducible ones and we give a construction of some elements of the 
center of Uq[osp{l \ 2)]. 

2. Tensor operators for Z2-graded Hopf algebras. 

We begin by recalling the definition of the Z2-graded Hopf algebra. 

Definition 1. A Z^-graded Hopf algebra is a vector space A over complex field C 

such that A =©c(gz2^cc The elements a of Aa are said to he homogenous of degree 
a (a = Q ^even, a = 1 ^ odd) and their degree will be noted deg(a) =| a |g Z2. 
We assume that the unit 1 of a graded algebra belongs to Aq ■ In the following all 
Greek indices will belong to Z2. Further we have in A 
1) an associative multiplication, m : A $5 A — > A, m(Aa ® Ap) C Aa_)_^, 
m(a b) = ab, a,bGA, 

m o [idA (8 m) = m o (m idA) 
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2) a coassociatve comultiplication, A:A^A(g)A, |a(8)b| = |a|+|b|, 
A : A„ c e/3+T,=aA^ O A^, A(a) = J^i af ' ^ bf \ aGA, 

[idx ig) A) o A = (A (g) idx) o A 

3) a counit, e : A — > C, 
{idA <8) e) o A = (e (g) i^A) o A = idA 

we have e(Ai) = 

4) an antipode 5 : A A, S (Aa) C A^, 

m o (idA ® S) o A = m o (^S ® idA) o A = i o e 

such that the mappings A and e are algebra homomorphisms Z2-graded algebras 
and in particular the multiplication m A A is given by 

(aOb)(c(8>d) = (-l)l^ll^l(ac bd) 

One can show that the antipode S is always an anti-homomorphism of the algebra 
and of the coalgebra, 

S'(ab) = (-l)l^ll'^l5(a)5(b), (S (g) S) o A = t o A o S. 

where the map r:A(g)A— >A(X)Ais given by 

T(a®b) = (-l)l''ll''lb®a 

We will need later on the following identity 

(2.1) E(-r^)?^«^(-r')f-f^=-«i 

hi 

where asA. This identity follows from coassociativity of the coproduct A. 

The simplest example of Z2-graded Hopf algebra is the quantum superalgebra 
Uq[osp{l I 2)]. The quantum superalgebra Uq[osp{l \ 2)] is Z2-graded algebra with 
unit 1 and generated by three elements: H ( deg(i?) = 0) and v± ( deg{v±) = 1) 
with the foUwing (anti)commutation relations 

where the parameter rj is real and we set q = e~i . The following formulae for 
coproduct A, antipode S and the counit e define on Uq[osp{l \ 2)] the structure of 
Z2-graded Hopf algebra 

A{H) ^ H ®1 + 1®H; A{v±) =v±®q" + q^" ® v±, 

e{H)=e{v±)=Q,e{l) = l 
and the antipode is defined by 

S{H) = -H-S{v±) = -q^'^v±. 
Asof Z2-graded Hopf algebra ?7g[osp(l | 2)] has the form ?7g[osp(l | 2)] = Qa^z^iUqlosp^l 

2)])a. 

For any Z2-gradcxl Hopf algebra A one can define the adjoint action ad of A on 
itself in the following way 

a4(b)=i:(-l)l^^"ll^la«b5(af) 
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for any a, b G A. Using this action we define the subset of invariant elements of A 

Ae = {b e A : ada(b) = e(a)b,Va e A}. 

We will need later on the following proposition which characterises the invariant 
elements of Z2-graded Hopf algebra A 

Proposition 1. An element b G A is ad-invariant if and only if it belongs to the 

center Z{K) of A i.e. we have for any a €A 

oda(b) = ^(-l)''^-"ll''l(af ')b5(af ^)) = e(a)b 4^ ab = (-l)l^ll''lba 

i 

or equivalently we have A^ = Z{A). 

Proof. First we prove (=>). If b e Z{A) then we have for any a gA 

i i 

The proof of the converse {<=) is more difficult. Now we assume that b G A^ i.e. 
for any a gA 

(2.3) ada(b) = ^(-l)l^^''ll'^l(af ))b5(af ))) = e{a)f 

i 

and we have to prove that from this it follows 

(2.4) ba=(-l)l'*ll''lab 

First let us observe that from e(Ai) = we have for any a gA 

(2.5) £(a) = (-l)'=l''le(a) 

where k is arbitrary number. We have also from Definition 1 for any i,j appearing 
in the coproduct A (a) 

(2.6) I af) hi (af ))« | + | a«)f | 
We start from the LHS of the cquation(2.4) 

i i 

where we have used the equation (2.5). Now we use the equation (2.3) for a = a-^^ 
and we get 

ba = ^{(-l)l^r'llb|(_i)l(a-)r)llb|f(,(i))(i)jb[5(af))f]}af) = 
= ^(_l)l(ar')-)llb|[(aW)a)]b[5(ar))faf)]. 

ij 

In the last equation we have used equation (2.6). Now we will prove that 
5:(-l)l(^l^')r)ll^l[(af ))«]b[5(ar))f )af)] = (-l)l^ll^lab 

From the coassociativity condition for the coproduct A wc get 

Eb ® (a,«)« ® (af ))f ^ ® af = ^b ® af^ « (af ))« « (af ))f 
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Acting on both sides of the above equation by {mo[m®id)o[m®id®idy)o(T®S®id) 
we get 

^(_l)l(a-)-)IH(,(i))(i)b5(af))f)af) = 
= (-l)l^ll'^'E(-l)'^-"'"'-i'^b5(af))«(af )f) = 

= (_l)|a|lb| ^(_i)|af' l|b|a(i)b£(af )) = (-l)l-INab 

i 

□ 

In the following we will consider the representations of Z2-graded Hopf algebra 
Uq\osp{l I 2)] in the Z2-graded linear spaces therefore wo recall here some basic 
properties of the graded representations [17]. A vector space V over complex field 
C is called Z2-graded linear space or simply graded space if V =©aGZ2 

Va. The 

elements v of are said to be homogenous of degree a (a = ^even, a = 
1 <-» odd) and their degree will be noted similarly as in case of graded algebras 
deg(w) =1 V |g Z2. Consider now two graded vector spaces V,W and a linear 
mapping / e Hom{y,W). The mapping / is said to be homogenous of degree 
/3 e Z2 if 

f{Va) C W^+p. 

where a e Z2 So we get a gradation in linear space Hom{V, W) 

Hom{V, W)^ = {fe Hom{V, W) : C Wc^+p}. 

and 

Hom{V, W) = HomiV, W)o ® HomiV, W)i 

For a given Z2-graded Hopf algebra A a graded representation of A is defined in 
the following way 

Definition 2. A graded representation of Z2- graded Hopf algebra A in Z2-graded 
linear space V is an even hom,om,orphism p : A ^ Horn{V. V) i.e. p G Horn{A, 
Hom{V,V)). The pair (V, p) is called a graded representation of Hopf algebra A. 
The representation (V, p) is irreducible if there is no proper subspace V C V which 
is invariant under action of the Hopf algebra A via map p. 

Let us recall some examples of Z2-graded Hopf algebra representations. 

Example 1. A Z2-graded Hopf algebra A is itself a graded representation space for 
the adjoint action p(a) = adg, 

ad.(b) = $:(-l)l^r'llHa«b5(af) 

i 

for a, b G A. This representation is denoted {A, ad) =Aad. 

Example 2. A Z2- graded Hopf algebra A is also a graded representation space for 
a left regular action L of A 

i(a).b = m(a (g) b) = ab 
for any a, b G A.^ left regular representation is denoted (A, L) = A^. 
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Example 3. Let (V,7r), and {W, p) be a graded modules of Z2- graded H op f algebra 
A. The linear space Hom{V,W) is an graded A-module {Hom{y,W),5) with the 
action of A on f & Hom{V, W) defined as follows 

= l](-l)l^'''ll^lp(af o / o 7r(5(af )). 

i 

Example 4. The tensor product V ^ W of two graded representation spaces of 
representations {V.tt), and {W, p) is a graded representation space where the action 
of A is the followng 

(5® (a) (u ® w) = ^(- 1) l'^^'' I l"l 7r(af ^ ® p(5(af ^ ))«;. 

i 

for any v ^V,w and where \ v ®w\ =| v\ + \ w\. This yields to the represen- 
tation {W (g) y, (p (g) tt) o A) . 

The last example is the following 

Example 5. The counit map e of K equips any graded vector space V with a 
trivial representation p = e structure where 

&v = e{a)v 

where v G V and a, gA. In particular any one- dimensional representation (wich is 
not a zero representation) is equivalent to a trivial representation. 

The concept of trivial action of the Z2-graded Hopf algebra A on vectors of 
representation space can be applied to any representation of A. 

Definition 3. For any representation {V, p) of Hopf algebra A we define the sub- 
space of invariant vectors 

Vs = {v & V : p{a).v = e{a)v,\/a G A}. 

Next important matematical tool which we are going to use later on is a graded 
intertwiner of representations so let us recall its definition. 

Definition 4. Let {V, p) and {W, a) he representations of the Z2-graded Hopf algebra 
A. A linear map f G Hom{V,W) is a graded intertwiner of representations (V, tt) 
and {W, p) if 

/o7r(a) = (-l)l^ll^lp(a)o/. 

for any a gA. The space of the graded intertwiners will be denoted Ia{V, W). An 
even intertwiner is a homomorphism, of representations so the subspace (Ia{V, W))o = 
HomA{V,W) is a space of homomorphisms. 

Wc give two examples of homomorphisms of representations of A, which will be 
important in the following. 

Example 6. The Z^-graded Hopf algebra A with the adjoint action adg,, a G A form 
the adjoint representation (A, arfa)- On the other hand, we have the representation 
{Hom{V, V), 6) of A from Example 3. The representation p : A ^ Hom{V, V) from 
Definition 2 is a homomorphism of the Hopf algebra representations. 
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Example 7. A left regular action L given in Example 2 is a homomorphism of 
representations Aad and (Hom{AL,A.L),S) i.e. L € HomA{ -^ad, Hom{AL, Al)). 
In fact we have for any a, b G A 

L{ad.{h)) = 5:(^l)l^r'll'^li:(af ^bSCaf))) = 5:(-l)l^l^'ll^lX(aP)L(b)L(5(af ))) 

i i 

or equivalently 

L o ada, = 5{a) o L. 
where \ L \=0 because L is a representation. 

Now we are in the position to define tensor operators for Z2-graded Hopf algebras. 
Following the idea of the definition of tensor operators for Hopf algebras given in 

[12] we define tensor operators for Z2-graded Hopf algebras in the following way 

Definition 5. Let (V.n), {W, p) and {U^cr) be graded representations of the Z2- 
graded Hopf algebra A and let T G Hom{V, Hom{W, U)) then T is a tensor operator 
of type V inW if T & Ia{V, Hom{W, U)) . In other words tensor operator T is a 
graded intertwiner of representations (V, tt) and {Hom{W,U),6) and it satisfies 

(2.7) ro7r(a) = (-l)l*ll^l5(a)o T. 

Let vectors {ei}i^icN be a basis of the representation space V, then the linear 
operators T{ei) = Ti G Hom{W,U) will be called the components of the tensor 
operator T. If dim V < 00 then the components Ti of T satisfie 

(2.8) 7r(a),.T, = (-l)l^ll^l J2i-l)\^?'\\^Me^'^^) o op(5(af))) 

i 

where 7r(a)j( is a matrix o/7r(a). If all the representations {V,tt), {W,p) and {U,a) 
are irreducibles then the tensor operator T is called irreducible. 



Let write the defining equation (2.8) for the components T; of T when A = 
Uq[osp{l I 2)] and & = v±,II 
(2.9) 

n{v+),iT, = (-l)l"+ll^l(a(^;+) o Tiop{q-") - (-l)l"+ll ■^■'lgia(g-^) o Ti o p{v+)) 
(2.10) 

Tr{v-)jiTj = {-iy''-^^'^\{a{v-)oTiop{q-")-{-l)\--\\'^'\q-ia{q-")oTiop{v-)) 

(2.11) Tr{H)ji Tj = a{H) o T( - T; o p{H) 

Thus the above definition of tensor operator although seems to be abstract in 

case of the simplest quantum superalgebra Uq[osp(l \ 2)] which is a superanaloguc of 
the quantum algebra Uq[su{2))], gives very similar defining formulae for generating 
elements as in the case of Uq[su{2))] [6, 7, 10]. 

Let us give some important example of tensor operator. 

Example 8. The Example 6 shows that the representatoin p from Definition 2 is 

itself a tensor operator because p G Homx{A^ Hom{W ® W)). 

Example 9. The left regular action L of A on itself as defined in Example 2 is a 
tensor operator because L e IIomx{ Aad, IIom{AL, Al)) (Example 7). 
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Before formulation a lemma which will be used later on we introduce a useful 
notation If / G Hom{V, W) where (V, tt) and (W, p) are representations of the Hopf 
algebra A then we define 

(2.12) 7r/(a) = /o7r(a) : y ^ 

and the linear mapping : Hom{W) ^ Hom{V, W) — > Hom{V, W) is defined in 
the following way 

(2.13) m^(p(a)®7r/(b)) = (-l)l^ll^l((m; o (p 7r/)).(a ® b) = p(a) o 7r/(b). 

Lemma 1. Assume that 

1) {V,t:),W, p), {U,a) and {Hom{W,U),6) are representations of the Z2-graded 
Hopf algebra A, 

2) T G lA{V,Hom{W,U)) i.e. Va e A To7r(a) = (-l)l^ll^l5(a) o T , 

3) f € Hom{V W, U)) and f{v ^w)= T{v).w yvGV,w gW. 
Then 

a) f gIa{V'»W,U)) i.e. Va e A f o [(tt /9)A(a)] = (-1)1^11 *l(T(a) o T. 

b) \T\=\f\ 

Proof. Let us prove a). The action S of representation {Hom{W,U),S) is given in 
Example 3. We rewrite the condition 2) for T in the form 

(2.14) T[7r{a).v].w = (-l)l^ll^l{5^(-l)l^'''ll^('')lc7(aP) o T{v) o p{S{4^^))}.w 

i 

for any a.£A, v€V,iu€W. We have to prove that from this it follows condition 
a) for T which can be written as follows 

(2.15) ^(-l)l^^''ll''lr[7r(al).^].(p(af)).H = (-l)'^" ■^V(a)[T(t;).t.] 

i 

for any a. E A, v £ V , w G W. Applying in LHS of the above equation condition 
(2.14 ) for a = a^ we get 

X:(-l)'^"'lHr[.(a,^)..].(p(af)).«;)=^(-l)l^r'lM(_i)|a.^l|T|, 

i ij 

x(_i)l(ar')riin.)l,[(aW)W] o T(.) op[5(af))f (af )]- 
In the notation (2.12), (2.13) it takes the form 

Y^{-l)\^r^\MT[n{al).v].{p{a^^).w) = Y,i-^y''^ 

i ij 

x(-i)l(ar>)f' o (. p,(.)).((af ))« 5(a«)faf ))}.«, 
Simpifying the phase and using the identity (2.1) we get 
^(_l)|af '||.| T[n{a.l).vUp{a'f^).w) = (-l)l-ll''l{m^ o {a pT(.)).(a ® l)}.w 

i 

= (-l)l"ll"l(-l)l'^ll^(")la(a)[T(i;).w] 

= (-l)l'^ll''l+l'*ll^('')lcr(a)[r(?;).t(;] 

Which is RHS of the equation (2.15). The statement b) can be proved considering 
the degrees of the values of T and T on homogenous arguments. □ 
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U^[osp{l I 2)] 

In this section we will consider the quantum superalgebra Uq[osp{l \ 2)] and its 
graded representations. A representation of the quantum superalgebra Uq[osp{l \ 

2)] in the graded linear space V will be denoted by tt 

TT : Uq[osp{l I 2)] ^ Hom{V,V). 

The finite dimensional irreducible representations of J7g[osp(l | 2)] has been studied 
firstly in [15]. They have the same structure as in case of the nondefrmed super- 
algebra osp{l I 2) and for this superalgebra every finite dimensional irreducible 
representation is equivalent to a grade star representation [16]. It has been shown 
in [2] that any finite dimensional grade star representation of Uq[osp{l \ 2)] is char- 
acterized by four parameters: the highest wieght / (a non- negative integer), the 
parity A = 0, 1 of the highest wieght vector in the representation space and by 
</3, f/) = 0, 1, the signature parameters of the Hcrmitcan in the representation space 
V. The parity A and the signature ip define the class e = 0, 1 of the grade star 
representation by 

e = A + v? + l,mod(2). 

For simplicity we will write (y'(A),7r') instead (V^'(A), ttJ^^) The representation 

space V^{X) is a graded vector space of dimension 21 + 1 with basis (;Jjj (A) where 
—l<m<l. The parity of the basis vectors e5„(A) in determined by values of I, m 
and A 

I el^{X) \=l-m + Amod(2). 

The vectors e[„(A) are pseudo-orthogonal with respect to the Hermitean foem in V 
and their normalisation is determined by the signature parameters ip, tp 

(eL(A),e^(A)) = (-ir('-™)+^5„„., 

where (, ) denotes the Hermitean form in the representation space V'(A). The 
operatorts 7r'(f±) and 7r'(if) act on the basis e'^{X) in the following way 



m+l 



(3.1) n\v+).el = (-1)('-'")([Z -m][l + m + l]7)^e: 

(3.2) Tr'iv.U^ = ^[i + ni][l-m + lh)hl_, 

(3.3) 7r\H).el = ^el 

where [n] = ^~\~^\''^ .Note that the action of the operators 7r'(u±) and 7r'(il) 

q 2 -q2 

does not depend on the parameters A, (f, ip. 

Tensor product of two irreducible representation (y'^ (Ai), tt'^) and (y'^(A2), tt'^) 
is completely and simply reducible i.e. we have 

y'^Ai) ® y'nA2) = eiL+/^%^|y'(A). 
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By definition the Glebsch-Gordan coefBcients (C-Gc) {limiXi,l2m2X2 \ lmX)q re- 
late the standard basis e^^^{Xi) e^^^{X2) of tensor product ^'^(Ai) (g) V^^{X2) to 
the reduced basis e|„(/i, ^2, A) in the following way 

e^(Zi,Z2,A)= ^ {limiXi,l2m2X2\lmX)gel^^{Xi)^e''^^{X2) 

mim2 

or equivalently 

(-l)^'^-™^^''=-™=^4.(Ai)0e^,(A2) = 
= ^(-l)('-™)^(ZimiAi,/2m2A2 | lmX)gel{h,l2, X) 

Im 

where mi + m2 = m,L = li + I2 + 1 and I is an integer satisfying the condition 

\h-l2\<l<h + l2. 

In the following, in order to get Wigner-Eckart theorem in a conventional form we 
will use a modified C-Gc [ZimiAi, Z2TO2A2 | lmX]q which are related to (ZimiAi, Z2TO2A2 | 

lmX)q by 

[;imiAi,?2m2A2 | ImXjg = (-l)('^-™i)('^-"^)(-l)('-™)^(ZimiAi, Z2TO2A2 | lmX)q. 

In terms of the modified C-Gc the relation between standard and reduced basis in 
F'HAi)(8>y'=(A2) looks 

(-l)('-")^e^Gi,;2,A) = 
= ^ (-l)('^-'"^)('^-'"^)[/imiAi,Z2m2A2 MmA],ei^^(Ai)®e^,(A2) 

mim2 

or equivalently 

(3.4) eJ^^(Ai)®e^^(A2) = 5]][^i"^iAi,/2m2A2 | lmX]ge^^{h,l2,X). 

Im 

We have also for any in this decoposition 

(3.5) \etM^)(^et,{X2) \ = \eUh,l2,X) \ 

In the classical theory of Racah-Wigner calculus, a very important role is played 

by the C-Gc {jm, jn \ 00), which defines an invarint metric. In the case of the 
quantum superalgebra Uq[osp{l \ 2)], the corresponding coefficient also defines an 
invariant metric. It has the form 
(3.6) 

C^„(A) = ypTT](/mA,lnA | 00), = (-l)('-")^(-l)('-™)('-™-i)/2(7"/2^m, -n. 

For more details on the irreducible grade star representations and properties of 
C-Gc see [2]. 

In case of the irreducible finite dimensional representations of the quantum 
superalgebra Uq[osp{l \ 2)] Schur lemma has the following form 

Lemma 2. Let (y'i(Ai),7r'i) and (T^'^(A2),7r'^) be irreducible finite dimensional 
representations of Uq[osp{l \ 2)] and let f e Iug[osp{i\2)]{V'^{Xi),V''^{X2)) i.e. for 

any a e Uq[osp{l \ 2)], x e F'i(Ai) 

(3.7) /(7r'^(a).a;) = (-l)l^ll«l7r'=(a)/(x), 

then f = aidYii(^Xi) (^ ^ ^) */ ^1 = ^2 o,nd Ai = A2, or / = ifli ^ I2 or Ai 7^ A2. 
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Proof. Let us consider the properties of the vector 

Using equation (3.7) we get 

7r''{H).y=^jy-7r''{v+).y = 

so cither y <E V''^{\2) is the highest weight vector of weight h in F'^(A2) or / = 
i.e. either li = I2 oi f = 0. Assume that h = I2 and Ai,A2 arbitrary. Then from 
the above it follows that we have 

(3.8) /(e^^(Ai))=ae^^(A2) 

and I / 1= 1 if Ai + A2 = 1 or I / 1= if Ai + A2 = mod(2). Acting on both sides 
of the above equation by T^^{v+) we get 

_ rm][h + mi + l]7)^eU+i(A2) = 

= -mi][/i +mi + l]7)^eL,+i(A2) 

so / = if Ai + A2 = 1. □ 

We will need later on the following proposition which is a consequence of Schur 
lemma 

Proposition 2. Let (F'l (Ai), tt'i ), (y'^ (A2), tt'^) and (y'-' (A3), tt'--^) be irreducible 
finite dimensional representations ofUq[osp{l \ 2)] with bases respectively {6^1 (-^i)}) 
{e5A,(A2)}, {e'^,{\z)} and let f € /t/,[o«p(i|2)](V'^(Ai) ® ^^(A^)), y'3(A3)) where 

\h-l2 \< h < h + h- Then 

(3.9) fie^^^iXi) ^ e^^^iX^)) = ai,J2[hmiXuhm2X2 \ hm3X3]ge^^^{h,l2, Xs)- 

foranye'^^iXi) e V'^iK), i = 1,2 and fe {Iu,[ospii\2)]{V''{M)®V''{^2)),V''{X3))o 
i.e. f is an homomorphism. 

Proof. From Clebsch-Gordan decomposition we have 

(3.10) et;,^(Ai)(^e^^(A2) =^[;imiAi,«2TO2A2 | ;mA],e^(«i, ^2, A) 

Im 

and for any \ I1—I2 |< ^ < ^1 + ^2 the linear mapping fi — f \v'(\)' ^''W ~^ ^'^(As) 

is an intertwiner of representations (A) and V'3(A3) i.e. /; G Iug[osp(i\2)]{V' {X) ,]/''■" {X3)) . 

Therefore we have from Schur lemma 

// = 0!iidYi(^x}^n3^\\3 

Taking into account that f = (Bifi we get from the Clebsch-Gordan decomposition 
(3.10) the equation (3.9) and it is clear that ai do not depend on mim2,rn. The 
fact that / e (/i7,[osp(i|2)](V'i(Ai) (g) V^'{X2)),V^^{X3))o follows from the relation 
(3.5). ' □ 

Now we can formulate Wigner-Eckart theorem for irreducible tensor operators 
the for quantum superalgebra Uq[osp{l | 2)]. 
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Theorem 1. If T € Iu,[osp(i\2)]iV''iM), Hom(y^^{X2),V^^{X3))) is an irreducible 
tensor operator . Then 

1) the matrix elements of its components r(e5^^(Ai)) are proprtional to the mod- 
ified Clebsch-Gordan coefficients i.e. 

[T{e^^^{\i))]m3m2 = oi[hmx\i,l2m2X2 I h'inz\z\q 

where a is a real number called reduced matrix element which do not depend on 
rrii, i = 1,2, 3. 

2) T is an even intertwiner i.e. T E H orriu^^^g gp(i\2)] (V^'^ (^i)i Hom{V''^ {^2), V''^ (-^3))) 

Proof. From Lemma 1 we know that linear mapping T G Hom{V^^ (Ai)®^'^ (^^2), 
\h-l2\<l3<h + l2 

r(e^^(Ai) ® e^,(A2)) = r(eJ^,^(Ai)).eJ^,(A2) 

is an intertwiner of representations and \T \=\T \. Then from Proposition 2 we get 

T(e^^(Ai)0e^,(A2)) = T(e5A,(Ai)).e5^,(A2) = 

= a^[ZimiAi,Z2m2A2 | l3m3Xs]qe':^^{li,l2, X3) 

where a do not depend on m,i,i = 1,2,3 and T is even. On the other hand the 
matrix of the operator T(eJ,\^(Ai)) is defined by equation 

r(e!;^(Ai)).e5^^(A2) = [T{e'^^iX,))U,^,.e'^^iX3) 
Comparing two last equations we get the statement of the theorem. □ 

Thus for the quantum superalgebra Uq[osp{l | 2)] the Wigner-Eckart theorem has 

exactly the same form as in the classical case su(2) and deformed case Uq[su{2)]. It 
is quite remarkable result because in general all formulae in Racah-Wigner calculus 
for the quantum superalgebra Uq[osp{l | 2)], although has similar form to corre- 
sponding formulae in Racah-Wigner calculus for su(2) and Uq[su{2)], differ from 
the latter by sometimes complicated phases [2, 3]. We have avoided the appear- 
ance of the not coventional phase in the Wigner-Eckart theorem using the modified 
C-Gc. 

The irreducible tensor operator T for Uq[osp{l \ 2)] is even so we have | r(e^(A)) | = | 
e\^{X) 1= l — m + X mod(2) and we may introduce notation r(eJ„(A)) = r^(A). Let 
us write the defining relations (2.9-2.11) for the components of irreducible tensor 
operator T^(A) 

{-iy-"^{[l -m][l + m + 1]7)^ Ti+i(A) = 
= n'^{v+) o T^(A) oTr'Hg-^) - (-l)'-™+\5^'3(g-H) „ ^^(A) o 7r'=(t;+) 

{[l + m][l-m + l]^)^Tl^_,{X) = 
= n'^iv.) o ri(A) oTr'Hg-^) - i-iy-^+\-in'^{q-'') o T^iX) o n'^{v_) 
^T^(A) = n'^{H) o ri(A) - T}^{X)on^^{H) 

The above formulae arc very similar to defining relations satisfied by the compo- 
nents of irreducible tensor operator for the Hopf algebra Uq[su{2)] [6, 7, 12, 13]. 
The difference is only in the phase factor and the definition of the symbol [n]. In 
the limit g — > 1 , for Z — m = 0mod(2) we get 

^{1 - m)^ T^+i(A) = 7r'3(«+) o T^(A) - (-l)^Ti(A) o n^^{v+) 
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l(Z + ™)iri_i(A) = 7r'^(«_)o ri^(A) - (-i)^ri(A)o7r'n^-) 
^ri(A) = 7r'3(iJ) o T^(A) - r^(A) oTT'^if) 
and for Z — m = 1 mod(2) we have 

_ 1 (/ + m + 1)^ ri+i(A) = w'^iv+) o ri(A) - (-l)^Ti(A) o n'^{v+) 

_ 1)^ r^^_^(A) = o ri(A) - (-l)^T^(A) o n'^iv.) 

The above equations one can interpreted as defining relations for the components 
of irreducible tensor operator for the Lie superlagebra osp(l | 2). It is known that 
the Lie algebra sl{2) generated by elements H, L± = ±2[v±,v±]+ is included in the 
superalgebra osp{l \ 2) and we have 

[H,L±]^±L±;[l+,L^]^2H. 

Using the defining relations (2.8) for a= H, L± we get in the limit g — > 1 the 
following equations 

-\V{1 - m}{l + m + 2)Ti+2(Ai) = ° T^iXi) - T^Xi) ° 

-lV{l + m){l-m + 2)T^_,{\,) = 7r'3(L_) o T^Xi) - ri(Ai) o 7r'^(L_) 

J Tl{\) = n^^{H) o r^(A) - Ti(A) o n^^{H) 
for Z — m = mod(2) and 

-iv'a-m-l)(l + m+l)Ti+2(A) = ^^(i^) „ ^/^(a^) _ ri(Ai) o V=(L+) 

-JVG + m-l)a-m+l)T4_2(A) = 7r'3(L_) o T^X) - T^(A) o 7r'=(L_) 

^T^(A) = 7r'3(if) o r^(A) - Ti(A) oTr'n^f) 

where I — m = 1 mod(2). 

These formulae are classical, Racah definition for components of irreducible ten- 
sor operator for the Lie algebra sl{2). Thus in the formal limit Uq[osp{l \ 2)] 
osp{l I 2) the set of the components T^i{X) of irreducible tensor operator T spUts 
into two sets {T}^{X) I - m = 0mod(2)} and {T^(A) I - m = lmod(2)} 
which are sets of components of irreducible tensor operators T ' and T for 
the Lie subalgcbra sl{2). Note that the sets {T^(A) : I — m = 0mod(2)} and 
{r^(A) : l — m— 1 mod(2)} differ in degree because we have | T(eJ„(A)) |= l — m+X 
mod(2). This splitting is not surprising because the components of an irreducible 
tensor operator has the same transformation rule as the basis vcctorcs of the irre- 
ducible representation. On the other hand it is known that, with respect to sl{2) a 
graded representation space V'' of irreducible representation of osp{l \ 2) is a direct 
sum of two subspaces 

=D'{\)®D^~^{X + 1) 

where -D'(A) and -D'~^(A + 1) are the irreducible representation spaces of the Lie 
algebra sl{2). Thus our general definition of tensor operators for Z2-graded Hopf 
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in case of Uq[osp{l \ 2)], in the limit q ^ 1 leads to classical definition of tensor 
operators for the Lie algebra sl{2) C osp{l \ 2). 

From Wigner-Eckart theorem it follows that it is sufficient to know one partic- 
ular value of matrix element [T^{\)]pq of tensor operator component T^(A) to 
determine the reduced matrix element a and then to express all remaining matrix 
elements [T}^{X)]pq in terms of Clebsch-Gordan coefficients. It will be applied in 
the next section. 



4. Applications of Wigner-Eckart theorem. 

In this section we will consider tensor operators for the quantum superalgebra 
Uq[osp{l I 2)]. First we construct in Uq[osp{l \ 2)] irreducible representations of 
highest weight I (even natural number) which will be irreducible subrepresentations 
of adjoint representation {Uq[osp{l \ 2)], ad). 

Proposition 3. Let us define for any even natural I 



I ( \l + m]\ 
where —l<m<l. Then 

(4.1) arfe.t^ = ([/-m][/ + m+l])54^, 



(4.2) adf.t^^ = {[l + m][l-m+l\)2t 



m—1 



(4.3) adH.t'^ = ^4. 

We have also \ t\ \= X = I = mod(2) and \ tl^ \= m mod(2). Therefore the 
vectors 4 form a basis of irreducible representation {U\ad) of Uq[osp{l \ 2)] where 
C Uq[osp{l I 2)]. 

Proof. A direct calculation shows that tj is a highest weight vector of weig ht |. The 
applying the standard procedure of construction of the irreducible highest weight 
modul of Uq[osp{l I 2)] we get the result. □ 



Corollary 1. The elements 4 S Uq[osp{l \ 2)] are components of the tensor 
operator G Homu^[osp{i\2)]{ U^^, Hom{Uq[osp{l | 2)]L,Uq[osp{l | 2)]^)). 



Proof. The left regular action L : Uq[osp{l \ 2)]ad Hom{Uq[osp{l | 2)]L,Uq[osp{l | 
2)]l) is a tensor operator (Example 7, 9) and ?/' is an irreducible subrepresentation 
of Uq[osp{l I 2)]. So it is obvious that : Hom{Uq[osp{l \ 2)]L,Uq[osp{l \ 

2)]l) is also a tensor operator. The equations (4.1-3) show that the components 4 
of satisfie the defining equation (2.8). □ 

As an application of the Wigner-Eckart theorem we will calculate the matri- 
ces TT^{tln)pn = [iL(i)]p" of the basis vectors 4 of {U\ad) in the representation 
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{V^ {X),Tr^). Using the defining commutation relations for Uq[osp{l \ 2)] one can 
show that tl^ are rather compUcated combination of elements H, v± 

[l + m]\ Vv^'v^^ 1^^^„-#(^+m+l) 



4 = EE(-i)— (-)^ 



[2l]l[l-m]\J ^' ^ - ^ 



(4.4) 



^ - +[4i/-fc + Z-p]!^ 



? — TO 
fc 

where N = min(i, fc) and wc use a symbolic notation 

+ ™ + + m + 

So a direct calculation of 7r^ (tm )pn using matrices 7r-' (t;±)m„, 7r-' (iJ)m„ seems to be 
difficult in general case. However due to Wigner-Eckart theorem it is not necessary 

to do it. In fact wc have 

Theorem 2. The basis vectors of {U\ad) have the following matrix form in 
the irreducible representation {y^{X),'K^) 

T^^{t^p)mn = a[ZpO, jnA I jm\]q 

where 

a = (-l)iKm) -^'<'+^)rn,f ['^J+l + ^V- i 

^ ^ ^ \[2lWj-lW3 + lf 

is a reduced matrix element of the irreducible tensor operator -k^ : f/' — > Hom{V^X), V'' (A)). 

Proof The representation tt-?' : Uq[osp{l \ 2)] Hom{V^ {X),V^ (X)) is itself a 
tensor operator (Examples 6, 8). Because [/' is an irreducible subrepersentation 
of Uq[osp{l I 2)] then that tt-' : f/' Hom{V^ {X),V^ (X)) is an irreducible tensor 
opereator. Thus according to the Wigner-Eckart theorem we have the following 
expression for matrix element of components TT^itp) of 

7r''(ip)mn = a[lpO,jnX \ jmX]q 

and in particular 

(4.5) TT^' (i5)„„ = a[llO, jnX \ jmX]q. 

Now on one hand from (3.1-3) we have 

\[J + m - l\\\j - m\\ ) 

and on the other wc have [2] 

{m,jnX I jmA], =g-5g3(2j-0(i+i)-i0-™)(i+i) X 

, Aq, , -,1 [2?]![2j-l]![j- + m]![j--TO + ?]! \^ 
V ^ + 'J[2i + Z + l]![Z]![Z]!b--m]![i + m-Z]!j 
After substitution of two last equations to equation (4.5 ) we get the value of a. □ 

At the end of this paper we give a method of constructing some elements of the 
center of lJ(^osp[\ \ 2)] by use of the particular C-Gc C'„„(A) (3.6) and the elements 

of U^osp{\ I 2)]. It is known that C^„(A) couple two irreducible representations 
(W, TT-') and (y%7r') to one-dimensional trivial representation. Therefore for any 
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two irreducible representations {U^ ,ad) and {U^, ad) with bases {t{^} and {f^}, the 
following element €^ of Uq[osp{l | 2)] 

mn 

form one dimensional trivial representation , e) described in Example 5. It means 
that & e Uq[osp{l I 2)]^ and consequently, from Proposition 1 it belongs to the 
center of Uq[osp{l \ 2)]. 
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